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1. Introduction 

After the success of his general theory of gravitation (GR), Einstein searched for 
a more general theory that would appropriately describe electromagnetic phenomena 
together with gravity. His search for such a unified theory led him to consider Ab- 
solute Parallelism (AP-) geometry [3]. The reason for this is that AP-geometry is 
wider than the standard Riemannian geometry. According to GR, the ten degrees of 
freedom (the metric components for n = 4) are just sufficient to describe gravitational 
phenomena alone. AP-geometry, on the other hand, has sixteen degrees of freedom. 
Riemannian geometry is thus relatively limited compared to AP-geometry which has 
six extra degrees of freedom. These extra degrees of freedom could be used to describe 
physical phenomena other than gravity. This idea of increasing the number of degrees 
of freedom from ten to sixteen is another alternative to the idea of increasing the di- 
mension of the underlying manifold in the so-called Kaluza-Klein theory. Moreover, 
as opposed to Riemannian geometry which admits only one symmetric affine connec- 
tion and hence only one curvature tensor, the AP-space admits at least four built-in 
(natural) affine connections, two of which are non-symmetric. AP-geometry also ad- 
mits tensors of third order, a number of second order skew and symmetric tensors 
and a non-vanishing torsion. These extra geometric structures, which have no coun- 
terpart in Riemannian geometry, make AP-geometry much richer in its content and 
hence a potential candidate for geometric unification schemes. A further advantage is 
that associated to an AP-space there is a Riemannian structure defined in a natural 
way; thus the AP-space contains within its geometric structure all the mathematical 
machinery of Riemannian geometry. This facilitates comparison between the results 
obtained in the context of AP-geometry with the classical GR based on Riemannian 
geometry. Finally, calculations within the framework of AP-geometry are relatively 
easier than those used in the context of Riemannian geometry. 

In the present paper we investigate the curvature tensors corresponding to the 
different natural connections defined in an AP-space. The paper is organized in the 
following manner. In section 2, we give a brief account of the basic elements of AP- 
geometry; we focus our attention on the fundamental concepts that will be needed in 
the sequel. In section 3, we consider the curvature tensors of the dual and symmetric 
connections associated to the canonical connection F together with the Riemannian 
curvature. Simple and compact expressions for such curvature tensors, in terms of the 
torsion of F, are deduced. We then use the Bianchi identities to derive some further 
interesting identities which simplify the formulae thus obtained. In section 4, we study 
some of the properties satisfied by an intriguing fourth order tensor, which we call 
Wanas tensor (or simply W-tensor) after M.I. Wanas who first defined and used such a 
tensor [13] . The W-tensor is shown to have some properties which are similar to those 
of the Riemannian curvature tensor. In section 5, we further study the consequences of 
assuming that the canonical connection is semi-symmetric. All curvature tensors with 
their associated contractions (Ricci tensors and scalar curvatures) are then derived in 
this case. We next consider an interesting special case which considerably simplifies 
the formulae thus obtained and show that all nonvanishing curvature tensors admitted 
by the space coincide (up to a constant factor) with the W-tensor. Physical aspects 
or physical interpretations of some geometric objects considered are pointed out. 



2. A brief account of AP-geometry 

In this section, we give a brief account of the geometry of parallehzable manifolds 
(or absolute parallelism geometry). For more details concerning this geometry, we 
refer for example to [11], [T3], [17] and [2]. Some other works related the subject are 
[12] and [13]. 

A parallehzable manifold [2] is an n-dimensional C°° manifold M which admits 
n linearly independent global vector fields A (z = 1, ..., n) on M. Such a space is also 

i 

known in the literature as absolute parallelism space (AP-space). We will rather use 

the expressions "AP-space " and "AP-geometry " for their typographical simplicity. 

Let A^ (yU = l,...,n) be the coordinate components of the i-th vector field A. 

i i 

The Einestein summation convention is applied on both Latin (mesh) and Greek 
(world) indices, where all Latin indices are written as subscripts. In the sequel, we 
will simply use the symbol A (without a mesh index) to denote any one of the vector 
fields A (z = l...,n) and, in most cases, when mesh indices appear they will be in pairs, 
meaning summation. The covariant components of A'^ are given via the relations 



A^A, = 5^, X''Xa = 5, 



J 



^ — "jj- 



The n^ functions F" defined by 



ixv 



■pa \^ \ 



transform as the coefficients of a linear connection under a change of coordinates 
(where the comma denotes partial differentiation with respect to the coordinate func- 
tions). The connection F" is clearly non-symmetric and is referred to as the canonical 
connection of the space. As easily checked, we have 

Ahv = 0, A'^i, = 0, 

where the stroke denotes covariant differentiation with respect to the canonical con- 
nection F" . The above relation is known in the literature as the condition of absolute 
parallelism. 

Let A^j, := V^j^ — F"^ denote the torsion tensor of F°^. It is of particular impor- 
tance to note that the condition of absolute parallelism together with the commutation 
formula 

X" \fj.u - A° \u^ = X^Re^iu + -^^ |e ^Ifi 

forces the curvature tensor R'^i,^ of the canonical connection F" to vanish identically. 
(This is a simple way, which needs no complicated calculations, to prove the vanishing 
of the curvature tensor RZuo)- ^^ is for this reason that many authors think that the 
AP-space is a flat space. This is by no means true. In fact, it is meaningless to speak 
of curvature without reference to a connection. All we can say is that the AP-space 
is flat with respect to its canonical connection, or that its canonical connection is 
flat. However, there are other three natural (built-in) connections which are nonflat. 
Namely, the dual connection 



the symmetric connection 



"pa pQ 



pa (T^^ _L "P^ ^ T^ct 



and the Riemannian connection (Christoffel symbols) 

1 







= -^{r{9.. 


',M + 9^^ 


associated to the metric structure defined by 






9i,v ■■ 


1 ^ 1 


with inverse 




g^- -. 


i i 



It is to be noted that the condition of absolute parallelism implies that the canonical 
connection T" is metric : 

g>.uw = 0, g"" \a = 0. 

Consequently, the covariant differentiation defined by the canonical connection com- 
mutes with contraction by the metric tensor g^^i, and its inverse g'^'^. 
The contortion tensor is defined by 

a ._ -pa _-pa 

o 

Since FJ^^ is symmetric, it follows that 

Moreover, it can be shown that 

-y" =A"A o 

o 

where "|" denotes covariant differentiation with respect to the Riemannian connec- 

o 

tion r° . Finally, the contortion tensor can be expressed in terms of the torsion tensor 
in the form [5]: ^ 

r 

where j^^a = Qefijla ^^^ A^^„ = g^^Al^. It is to be noted that A^j^o- is skew-symmetric 
in the last pair of indices, whereas 7^j/o- is skew-symmetric in the first pair of indices. 
It is to be noted also that the contortion tensor vanishes if and only if the torsion 
tensor vanishes. 

We have four types of covariant derivatives corresponding to the four connections 
mentioned above, namely 



Ifiua Q V '-/xi^cr ~r J-^au^ ' ^'■ua^J: 





= A\ 




^'w 


= A^^ 


^ -t- i ^j, /I , 




= A^^ 


. + ^^.^^ 


A^o, 


= A^ 


.^h.A\ 



where A^ is an arbitrary contravariant vector. 

In conclusion, the AP-space has four curvature tensors B?^y„., R^^a^ R%a ^^^ R^y^^ 

corresponding to the four connections F^^,, F^^,, V^^ and F°^ respectively. As already 
mentioned, only one of these curvature tensors vanishes identically (the curvature 
R^ya of the canonical connection F" ). The other three do not vanish in general. The 
vanishing of RZi,„ enables us to express the other three curvature tensors in terms of 
the torsion tensor A" as it will be revealed in the next section. 



Summary of the geometry of the AP-space 
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3. Curvature tensors and the Bianchi identities in 
AP-geometry 

Let (M, A) be an AP-space of dimension n, where A denotes any one of the n 
linearly independent vector fields A (i = 1, ..., n) defining the AP-structure on M. Let 

i 

V^^ be the canonical connection on M defined by P^^ = A"A^^i,. Let P^^, P^^ and 

o 

P^„ be respectively the dual connection associated to P" , the symmetric connection 



^v 



associated to P" and the Riemannian connection defined by the metric tensor g^y 
XnXu- As in the previous section, covariant differentiation with respect to P" , P 



flW 



liu 



P^j, and P^j^ will be denoted by 



and I respectively 



Theorem 3.1. The curvature tensors R^y„, R^a ^'^^ ^'^va of the connections P^^, 

^^ o 

and P" are expressed in terms of the torsion tensor A" of the canonical con- 



pa 



nection P"^ as follows: 

(a) R%^ = A 

(b) R-,, = I (A 



au\fj, 



ya 



A" 1 



ifA' A" -A" A") + ifA" A 



a^ 
efiJ 



(c) i?^,, = (7; 



liu\a 



I lJLa\y I ' V I ^Ji(J leu I ^u lea/ ' I fie p 



Proof. We start by proving the first relation: 

r^a "pCK -pa i "pe -pa "pe -pa 

fjLVa ^(j,y ^v,a "*" ^c ev ^i^ ecr 

"pce -pa I "pe pa pe p\Ck 

(T^,i^ i//j,o- "•" CT/j-*- jye -*- f/i"*- ere 

__ i T}<^ I PCK _|_ pe pa \ I / TDa -pa pe pa \ /-pe \a , pe a a \ 

Taking into account the fact that -R° g. = 0, we get 

oa ^ A'^ _|_ Y°' A*^ F"^ A" F'^ A" ^A" 

-^fiua cru,fi ' efi (7U afi eu Vfi ere cru\ii' 

We then prove the second relation: We have, by definition, 



Now, 



Similarly, 



Moreover, 



T)a -pa -pa , pe -pa pe -pa 

fjbvu fia,v ijbv,u ' fia ev pM ea' 



= — A' A" — A' r" — A" r' + p r° 



fe fa ^ ^e pa ^e pa pa pe _^ pe pa 

pv ea A pu ae c\ pv ea c\ ea pu ' pu ea 



F" Aa _|_ FO 3^^ p« A" -L F° 

pa^u c\ pa,u '^ pa,u o-iJ-u. J. ^jyg- ry pu,a '^ pu,a' 

Hence, noting that R'^^^ = 0, we get 

Rpua = \iKuKe - KaKe) + ^{(A^.,. + ^^T^^ " A^.F^J 

= -CA" I - A" I ) + -fA' A" - A' A° ) + -CA' A" ). 

cy\ pv\a pa\v J ' A\pvae pa uel ' r\\ au epj 

The proof of relation (c) is carried out in the same manner and we omit it. D 

Remark 3.2. The first and second formulae {resp. The third formula) of the above 
theorem remain {resp. remains) valid in the more general context in which T" is 
any given non-symmetric linear connection on a manifold M {resp. a Riemannian 
manifold {M,g)) with vanishing curvature. 

It is clear that the torsion tensor plays the key role in all identities obtained 
above. The vanishing of the torsion tensor forces the three connections F" , F" and 

F" to coincide with the Riemannian connection F" and the AP-space in this case 
becomes trivially a fiat Riemannian space . Consequently, the non-vanishing of any 
of the three curvature tensors suffices for the non- vanishing of the torsion tensor. 



We now derive some relations that will prove useful later on. 
Proposition 3.3. The following relations hold: 

(b) A^.|.-A^^^ = i(6,,.,.A^,A^J. 

(c) A^,|, - A^^o^ = A;,,7- + A°,7^. + K^t.. 

where the notation &n,u,a denotes a cyclic permutation of the indices /u, i', a and sum- 
mation. 

Proof. The three relations follow from the definition of the covariant derivative with 
respect to the appropriate connection. D 

Let M be a differentiable manifold equipped with a linear connection with torsion 
T and curvature R. Then the Bianchi identities are given locally by [8]: 

&t.,u,. R%. = &,,u,. {T^u;. + T;,,TZ), (first Bianchi identity) 

®M,^,'^ iR$,iu;a + R'^t^e^ua) = 0" (secoud Blauchl identity) 

where " ; " denotes covariant differentiation with respect to the given connection. 

In what follows, we derive some identities using the first and second Bianchi 
identities. Some of the derived identities will be used in simplifying some of the 
formulae thus obtained. 

Theorem 3.4. The first Bianchi identity for the connections F'J^,, F" , F" and F° 
reads : 

(a) 6^,.,. (A^,|^ + A;,,A-J = 0. 

(b) 6^,.,. ^-,, = 6^,.,. (A-^^ + A^,A-J. 



(c) 


&,. 


pa 


-0. 




(d) 


©., 


o 

pa 


0. 






The 


'. second Bianchi identity for 


(e) 


e., 




^ ^,U,CT 




(f) 


©M,. 




= 0. 




(g) 


©., 


o 

pa 


= 0. 





fll/' /lU "'•""' ^ fxl/ 



Proof. Identities (a) and (b) follow respectively from the fact that R^^^^ vanishes 
identically and that A" = A" . Identity (e) results from Theorem 3.1 (a) together 
with the fact that A" = A" . The remaining identities are trivial because of the 
symmetry of the connections F° and F° . D 



Proposition 3.5. The following identities hold: 
(a) 6^,.,. A"~ =0. 

(b) &^,,u,a R%a = ^IM,u,a{^l,u^ea)- 

Proof. Taking into account Tlieorem 3.4 (b) together with Theorem 3.1 (a) we get 

6^,.,. (A^^i, + A;,,A^J = 6^,.,. Al^y 

By Theorem 3.4 (a), the left hand side of the the above equation vanishes and the 
first identity follows. The second identity is a direct consequence of theorem 3.4 (b), 
taking into consideration identity (a) above. D 

The next result is crucial in simplifying some of the identities obtained so far and 
in proving other interesting results. 

Theorem 3.6. The torsion tensor satisfies the identity 

e,,.,. a%a:. = 0. 

Proof. Applying the first Bianchi identity to -R° g. as expressed in Theorem 3.1 (b), 
we get 

^6^,.,. (A^,|, - A°,| J + le^,.,. (a;,,a^, - A;,,Aej + 1©^,,,. a^^a^, = o. (*) 

Considering each of the above three terms separately, and taking into account Theo- 
rem 3.4 (a), we obtain respectively 



1 a a 1 

and 



— P) TA" A" "l — (^ ( A'^ -\- A'^ ^ Pi A"^ (^ A^ A° 



— Pi A^ A" —Pi A^ A*^ 



— Pi A*" A" — ( 

The required identity results by substituting the above three equations into (*). D 



Corollary 3.7. The following identities hold: 

(a) A° , = A" ~ = A° ^ . 

^ '' ^J■''\<^ ij.u\cr ni/\a 

(b) 6,,.,. A^^i^ = 0. 

(c) 6^,,,. ^-,, = 0. 

(d) 6.^^ A"~ =6.^<,A^A"~ (A°~ :=A"^^) 

(e) ©.,.,. (7° u - 7° u) = 0. 



Proof. Taking into account Theorem 3.6, relation (a) follows from Proposition 3.3 (a) 
and (b), whereas identities (b) and (c) follow from Theorem 3.4 (a) and Proposition 
3.5 (b) respectively. Identity (d) follows from Theorem 3.4 (e) taking into account 
Theorem 3.1 (a) together with relation (a) above. Finally, the last identity follows 
from identity (b) above together with the relation A^^ = 7^^ — 7^^. D 

In view of Theorem 3.6, the curvature tensor i?" can be further simplified as 
revealed in 

Proposition 3.8. The curvature tensor i?" g. can be expressed in the form: 

pa ^_A" -I A*" A"^ 

Proof. The curvature tensor R'^i,^ has the form (Theorem 3.1 (b)): 

Taking into account identity (b) in Corollary 3.7 and Theorem 3.6, we get 

+ ^{(6,,.,A^,A:J-A^,A^J 
= ^A^,i, + \kA^,. D 



The formula obtained in Theorem 3.1 for the curvature tensor i?" ^ is strikingly 

compact and elegant. The formula obtained for i?" g. is however less elegant but 
still relatively compact. These two formulae, together with the first Bianchi identity, 
enabled us to derive, in a simple way, the crucial identities &^,u,a A" . = and 

G^,i/,cr A^j^A"^ = which, in turn, simplified the formula obtained for R'^^^^ (which is 
now more elegant). The last two identities will play an essential role in the rest of 
the paper. It should be noted however that a direct proof of these identities is far 
from clear. 

Remark 3.9. All results and identities concerning the connections F" , F" and F" 

o 

{resp. the connectionV^^) remain valid in the more general context in which V^^ is 
a non-symmetric linear connection on a manifold M {resp. a Riemannian manifold 
(M, g)) with vanishing curvature. 



4. The Wanas Tensor (W-tensor) 

Let (M, A) be an AP-space of dimension n, where A denotes any one of the n 
linearly independent vector fields defining the AP-structure on the manifold M. Let 
i?" and A" be the curvature and the torsion tensors of the dual connection F" . 



Definition 4.1. The tensor field W'^^^ of type (1,3) on M defined by the formula 

\,W" := A T -At 

t fiua ijL\va ulau 

will be called the Wanas tensor, or simply the W-tensor, of the AP-space (M, A). 



The W-tensor M^" has been first defined by M. I Wanas [m] in 1975 and has 
been used by F. Mikhail and M. Wanas [5] to construct a pure geometric theory 
unifying gravity and electromagnetism. A double contraction of the tensor g'^"' ^uua 
gives a scalar that has been used to write the Lagrangian density for fields and matter. 
The symmetric part of the field equations obtained contains a second order tensor 
representing the material distribution. This tensor is a pure geometric object and not 
a phenomenological one. The skew part of the field equations gives rise to Maxwell-like 
equations. In this theory the metric tensor plays the role of the gravitational potential 
while the the vector c^ (the contracted torsion) plays the role of the electromagnetic 
potential. The linearized form [10] of the theory supports these identifications. 

The next result gives quite a simple expression for such a tensor. 

Theorem 4.2. Let (M, A) be an AP-space. Then the W-tensor can be expressed in 
the form 

W" = A" — A*^ A" 

'^' ^UCT au\fi <ju efj,^ 

where A" is the torsion tensor of the canonical connection F" . 

Proof. Consider the commutation formula with respect to the connection F" : 

At — At = \fi\,,..„ -|- A t A,,^. 

Multiplying both sides by A", using the definition of the W-tensor together with the 
definition of F^^, and taking into account Theorem 3.1 (a), we get 

W^u. = Ku\, +f (Am,. -)pK)Ku 
= A" I + CF" - F" )A' 
= A" I - A' A" . D 

Remark 4.3. The W-tensor can be also defined contravariantly as follows: 

A'^ W^" = A"t - A"t = \'R%^ + A"t Af,^. 

This definition gives the same formula for the W-tensor as in Theorem 4.2. 
Proposition 4.4. The Wanas tensor has the following properties: 
a) VT" o- is skew symmetric in the last pair of indices. 

(b) w^;..|, - w^;^^ = K.\,, - K.W 

Proof. The first property is trivial. The second property holds as a result of Theorem 
4.2 together with corollary 3.7 (a). D 
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Theorem 4.5. The W-tensor satisfies the following identity: 

Proof. Follows directly from Theorem 4.2, taking into account Theorem 3.6 together 
with Corollary 3.7 (b). D 

The identity satisfied by the W-tensor in Theorem 4.5 is the same as the first 
Bianchi identity of the Riemannian curvature tensor. The identity corresponding to 
the second Bianchi identity is given by: 

Theorem 4.6. The W-tensor satisfies the following identity: 

^■^''^'f^ K^.jfs = ®-.'^./5 iKAK^i, + Kw)}- 

Proof. Taking into account the second Bianchi identity, Theorem 4.2, Theorem 3.1 
(a) and Corollary 3.8 (a) and (b), we get 

= &iy,a,f3 (A"j,|^A^^ - A"^|^A^^) 

= 6.,.,^{A^,(A^^I^ + A^^I^)}. D 
We conclude this section by some comments : 

• The W-tensor is defined in terms of the dual connection V^^^. The same defini- 
tion using the three other connections gives nothing new. In fact, the commu- 
tation formula for the connection F" is trivial (since A" |^ = 0), whereas the 

commutation formulae for F°^ and F^^ give rise to R'^^„ and R^^^ respectively 
(since the torsion tensor vanishes in the latter two cases). 

• The vanishing of the torsion tensor implies the vanishing of the W-tensor which 
is equivalent to the commutativity of successive covariant differentiation (of 
the vector fields A); a striking property which does not exist in Riemannian 
geometry (or even in other geometries, in general). 

• The W-tensor has some properties common with the Riemannian curvature 
tensor (for example. Proposition 4.4 (a) and Theorem 4.5). Nevertheless, there 
are significant deviations from the Riemannian curvature tensor (for example. 
Theorem 4.6 ). 

• As stated above, Mikhail and Wanas [9], in their theory, have attributed the 
gravitational potential to the metric tensor and the electromagnetic potential 
to the contracted torsion. The use of the VF-tensor has aided to construct such 
a theory via one single geometric entity, which Einstein was seeking for [1]. 
Different applications (for example, [15], [ISj) of Mikhail- Wanas theory support 
these statements. In conclusion, the expression of the W-tensor comprises, in 
addition to the curvature tensor R?i,ycr, a term containing a torsion contribution. 
Thus, the W-tensor expresses geometrically the interaction between curvature 
and torsion. On the other hand, as gravity is described in terms of curvature 
and electromagnetism is described in terms of torsion, the W-tensor expresses 
physically the interaction between gravity and electromagnetism. 

11 



5. The semi-symmetric case 

In this section, we investigate an AP-space whose canonical connection has a 
special simple form. 

Definition 5.1. Let M be a differentiahle manifold. A semi- symmetric connection 
on M is a linear connection on M whose torsion tensor T is given by [18] 

for some scalar 1-form w^. 

Semi-symmetric connections have been studied by many authors (cf. for example 
[1], [6], [IE], [So])- In what follows, we consider an n-dimensional AP-space (M, A) 
with the additional assumption that the canonical connection F" is semi-symmetric. 
Then, by Definition 5.1, we have 

Moreover, it can be shown that [7] 

o 

where F" is the Riemannian connection defined in section 2 and w°' = g°'^w^. Hence, 

Proposition 5.2. The curvature tensors R^ua! ^Zuu '^^^ ^'uuu ^f ^^^ connections 
F° , F° and F" are expressed in terms ofw^ in the form: 

(a) R'^^a = '^>Hm - ^>-lM- 

(b) i?;^,^ = i(5>H^ - 5>H,,) + iw,{S^w, - (5>.). 

o 

(c) i?°^^ = S^{Wu\a - Wa\u) + {QfiaW^ \y - g^uw"" \a) + 2w'^{g^,„Wy - gf,uWa). 

Consequently, if Rafiua '■= QaeRl^ua '^^^^ similar expressions for R^^^a^ and Ra^iua, we 
get: 

(b) Rafiua = ^i9aaWu\^ - gauW„\^) + \w^{gaaWu " OauWa). 

O 

(c) Ra^,i,a = ga^,{w^\^ - W^\^) + {g^aWa\u " 9f,uWa\a) + '^Waig^.a^u - gt^yW^). 

Proof. The first two relations hold by substituting A" in the formulae expressing 
i?" (Theorem 3.1 (a)) and i?" g. (Proposition 3.8) respectively. The third relation 

o 

holds by substituting A°^ and 7°^, in the formula expressing R^^.^ (Theorem 3.1 (c)). 
The remaining relations are straightforward. D 
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Proposition 5.3. Let R^^, := Rf^^^ ^''^'^ -^ '■— Q^'^^nv, wi^h similar expressions for 
^-,, and Rl,^. Then 

(a) R^,y = (n - l)wu\^,, R= {n- l)w^' \^. 

(b) %, = i(n - l){2w,\^ + w^w,), R = \{n- l){2w^ \^ + w^w^). 

o o 

(c) Rf,y = Wy\f, - g^i.w'' \a + 2{wuW^ - gf^yW^Wa), R = {I- n){w>' |^ + 2w^'w^). 

Proof. Follows directly from the relations obtained in Proposition 5.2 by applying 
the suitable contractions. D 

Theorem 5.4. The second order covariant tensor Wy\^ is symmetric: 

o 

Proof. Follows directly from Proposition 5.3 (c) noting that i^^jy is symmetric, be- 
ing the Ricci tensor of the Riemannian connection. This can be also deduced from 

o 

Theorem 5.2 (c) noting that R^j^,,^ = 0. D 

A direct consequence of the above theorem is the following 

Theorem 5.5. For an AP-space (M, A) with semi- symmetric connection F" , the 
following properties hold: 

(a) Rfj^i, and R^„ are symmetric. 

(b) R^^,^ = 0. 

(c) R',.. = 0. 

Theorem 5.6. For an AP-space (M, A) with semi- symmetric connection F" , the 
W-tensor has the form: 

(a) VF°^^ = S^{w^\^ - w^w^) - S^iw^if, - w^w^). 

Proof. Follows directly from Theorem 4.2 by substituting the expression of A'^^ in 
terms w^. D 

Corollary 5.7. Let W^y := W^^, and W := g^^W^.^. Then 

(a) Wf,y = {n- l){wy\^, - w^Wy). 

(b) W = {n- l){wf' 1^ - wi'w^). 

(c) Wi:^^ = 0. 

Consequently, W^u is symmetric. 

Comparing Corollary 5.7 (a) and Theorem 5.6 (a), we obtain 



fii/ 
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Theorem 5.8. Let dim M > 2. A sufficient condition for the vanishing of the 
W-tensor W^^„ zs that W^,u = 0. 

Finally, in view of Theorem 1 of K. Yano [TB], the following result follows: 

Theorem 5.9. // the canonical connection F" of an AP-space is semi- symmetric, 
then the associated Riemannian metric g^j^^ is conformally fiat. 

Special case. In the following we assume that the canonical connection F° is 
a semi-symmetric connection whose defining 1-form Wn satisfies the condition 

It is easy to see that the above condition implies that ly^j^ = and that w^Wi, = g^^. 
Under the given assumption, the different curvature tensors and the Wanas tensor, 
according to Proposition 5.2 and Theorems 5.6, take the form: 



/lucr 



1 

4' 



R'ilua - -{^a 9^iV - K gfia), 



Consequently, 



and 



W^,^ = 5:g,,-5:g,,. 



1 o 

W"" = -4i?" = -R" 



In this case, the W-tensor becomes a curvature-like tensor [^ and the above 
formulae imply the following result: 

Theorem 5.10. Let the canonical connection F" of an AP-space (M, A) he a semi- 
symmetric connection whose defining 1-form w^ satisfies the condition 

w,w^ = 5;. 

Then, all nonvanishing curvature tensors of (M, A) coincide, up to a constant, with 
the W-tensor and the AP-space becomes a Riemannian space of constant curvature. 

It should be noted that, in this particular case, the AP-character of the space re- 
cedes, whereas the Riemannian aspects of the AP-space become dominant. Physically 
speaking, the latter result seems to suggest that, in this particular case, electromag- 
netic effects are absent. This particular case can thus be considered, in some sense, 
as a limiting case. 
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